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Proteins, basic constituents of life, are probably one of the most im-
portant chemical structures for the living organisms. Their role ranges
from replicating the DNA [1] through catalyzing numerous chemical re-
actions [2] to conferring stiffness for tissues [3]. Being responsible for a
vast amount of biological processes, proteins play a crucial role in the
formation and development of certain diseases, and as such, they are
in the spotlight of drug design which often relies on investigating simi-
larity relations among molecules [4].
There are two directways to assess similarity among chemical struc-
tures. One possibility is to determine a chemical similarity by converting
the chemical formula into a graph, i.e., topology and compare topology
aswell as perhaps the chemical element similarity [5], but this may dis-
card information regarding the folding of the investigated structures.
The other possibility is to compare the geometry of the structures [6].
This approach in turn neglects important connectivity relations among
the building elements of the chemical structure. In other words, both
of these approaches are towards the extremes in the sense that one
completely neglects the other.
While geometry is obviously an important factor, it is known that a
large portion of proteins are relatively ﬂexible structures and recentlybrane proteins— Channels for
Physics, Heidelberg University,
.W. Heermann).
ights reserved.it has been understood that this property plays an important role in
the binding process [7]. Therefore, ﬂexibility is not a property which
should be neglected when assessing the similarity of such molecules.
In order to understandwhy generic comparisonmethods, relying exclu-
sively on geometry or topology, may fail, ﬁrst we need to understand
the basic principles behind these methods.
In the presentworkwe intend to establish a new approach for deter-
mining molecular similarity among chemical structures based exclu-
sively on the physical conﬁguration of these. We aimed to develop a
method which takes into account the topological features and the ge-
ometry of the investigated structures. We achieved this by basing our
method on well-established computational topology algorithms. We
argue that although our method considers geometry, it is more than a
method for calculating geometric similarity as it determines similarity
based on observing prominent topological features on different geomet-
ric scales. Eventually, one could consider chemical or biological informa-
tion as well.
We validate the method by calculating the similarities of different
conﬁgurations of two zinc ﬁngers connected by a ﬂexible linker protein.
Thenwe apply themethod on theDirectory of Useful Decoys: Enhanced
(DUD-E) database [8], a docking database which contains many
membrane-proteins, ligands binding to these and decoys speciﬁcally se-
lected so that they do not bind.
This paper is organized as follows: First we shortly introduce the
idea of geometric similarity, thenwe discuss the importance of topology
and introduce our approach. After that we validate our method through
comparing the zinc ﬁnger conﬁgurations. Last we present the applica-
tion of the method on the DUD-E database.
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The two generic approaches (comparing geometry and comparing
the topology) may be the easiest way to determine similarity among
molecules, however, when purely applying one or the other we discard
important information. In order to demonstrate the ﬂaws of these
methods, we brieﬂy introduce them.
2.1. Topological approach
Topology is theﬁeld ofmathematicswhich investigates properties of
objects which are invariant under certain deformations, i.e., stretching,
bending — excluding breaking and tearing. Topological approaches (in
fact all mathematical approaches) always require a good representation
of the investigated objects. For instance, it would be really hard and thus
unfeasible to represent a molecule with an abstract function.
Since, from the chemical point of view, the connectivity of the atoms
is of crucial importance, these approaches intend to capture this as-
pect when representing a chemical structure. This information is
easily stored by the chemical formula on the one hand but also by a
more complex mathematical object called a graph [9]. Graphs are
specially designed to capture connectivity information among different
entities — atoms in the case of proteins, but they are suitable to repre-
sent any kind of structures composed of separable but interacting
parts, commonly called networks. Usually, the interacting entities (e.g.,
representations of atoms) are referred to as vertices or nodeswhile con-
nections between nodes (encoding chemical bonds, for instance) are
represented by edges or links. Graphs can also be used to represent,
for instance, computer networks [10], where the connected entities
are the computers, on-line social networks [11], where nodes represent
persons and edges represent friendships but also the complex connec-
tivity characterizing the human brain [12].
In a purely topological, graph-theory based approach each atom of
the investigated molecules is represented by a node and each bond is
represented by an edge. The set of nodes and edges corresponding to
a given molecule is a well-deﬁned mathematical object, and there is a
whole mathematical ﬁeld built around these objects, called graph-
theory.
Besides laying the foundations and deﬁning the framework for han-
dling graphs, graph-theory also provides the necessary measures and
algorithms to compare graph-objects [13]. Without detailing these
measures and methods, it is easy to understand now, that such an ap-
proach completely neglects any geometric or physical constraint since
the representation of the data deals only with the connectivity informa-
tion. Therefore, a purely topological approach could assess high similar-
ity between a molecule and a physically and chemically incorrect copy
of itself.
2.2. Geometric approach
Comparing molecules from a geometric point of view in turn sup-
poses representing molecules as a form of volume. The easiest and
perhaps the most realistic way to do this is by modeling each atom
by a hard sphere with a radius corresponding to van derWaals radius
of the atom. In this case, one can deﬁne geometric similarity as the
Tanimoto or Jaccard measure of the volumes [14,6] calculated for
the best alignment. This measure is deﬁned as:
SG OA;OBð Þ ¼
VA∩VB
VA∪VB
; ð1Þ
where OA and OB denote two different molecules, while VA and VB de-
note the volumes of OA and OB, respectively. The operation VA ∩ VB
yields the section of the volumes while the operation VA ∪ VB yields
the union of the volumes. Calculating the geometric similarity sup-
poses that we previously calculated the best alignments, i.e., wetried to maximize this measure as a function of all possible rotations
and translations. This is a computationally very costly procedure.
Although this measure performs very well when one is strictly in-
terested in geometric similarity, proteins are ﬂexible structures and
ﬂexibility turns out to be a very important property as it inﬂuences
binding afﬁnity [7] and function [15]. By calculating only geometric
similaritywe assess very reduced similarity between two different fold-
ings of the same protein, which is obviously a bad result. On the other
hand, geometric similarity is also sensitive to the difference in number
of atoms.
3. Similarity and topological invariants
Based on the previous descriptions, it is clear that considering only
topology or only geometry may lead to incorrect conclusions. There is
a need for a method which is able to handle ﬂexible structures and
assess the correct similarity value even in complicated cases, for in-
stance, when one compares two different distortions of the same object.
We build our similaritymeasure around two concepts: topology and
physical constraints. Considering only topology would result in high
similarity between a structure and its stretched version, which is an
unwanted behavior. Note that considering physical constraints means
that to some extent we are also interested in the geometry of the struc-
tures we want to compare.
A possible way to characterize topology is to record properties of the
structures which are invariant under certain deformations of the object.
Deformations which might fragment the structures (breaking, tearing,
gluing, etc.) are excluded. In a more mathematical language, these de-
formationsmust correspond to continuous transformations of the topo-
logical space deﬁned by the structures.
We will focus our attention to three quantiﬁable properties: the
number of components which are independent from each other and
connections only exist within components, the number of holes on the
surfaces and the number of voids inside the structures. The ﬁeld of alge-
braic topology has special names for these properties, they are called the
Betti numbers of dimension zero, one and two, respectively, and they
turn out to be very important topological invariants which help to dis-
tinguish between different topological spaces [16,17].
By comparing these quantities of two solid objects we can decide
whether they have the same topology or not. But molecules are not
solid objects. They are better described by the point-set deﬁned by
the coordinates of the atoms. Thus we need a method through
which we can actually deﬁne what we mean by components, holes
and voids.
To accomplish this, we, in fact, need to convert the point-set into
a solid object. Therefore, imagine the following procedure: First, we
take the point-set deﬁned by the coordinates of the atoms and dis-
card all the bond-information. From now on we will work only
with these points. Next, we want to deﬁne a geometric relationship
among the points. For this, we start growing spheres around each
of them. Whenever two spheres mutually embed each-other's center
we connect the centers of the spheres by a line/edge. Points connected
by an edge are considered to belong to the same component. Any two
points which are connected by a path through the existing edges are
in the same component. As we increase the radii of the spheres we
can record each event of connecting two previously disjoint compo-
nents. By this we actually can follow how the number of components
changes as a function of the radius. First each point is a separate compo-
nent, while for a radius large enough each point is connected, and we
end up with a single component.
The deﬁnition of holes and voids also stems from this process. In
order to build a solid, beside points and lines, we need face and vol-
ume building blocks. For this, we will use the simplest polygon and
polyhedron, namely the triangle and the tetrahedron. Whenever
three edges form a triangle we consider not only the edges but also
the face of the triangle. Similarly, whenever four triangles form a
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ume. The described procedure is presented in Fig. 1 for a particular
set of points.
Once the surfaces and volumes are deﬁned we can proceed and
count the holes and the voids. In fact, it is possible to register their
number and also the number of components for every separate
value of the radius of the spheres. This will be important in the
next stage.Fig. 1. Converting a point-set into a solid object. As the growing spheres mutually embed
the center of each-other the corresponding centers are connected by an edge (as shown in
the left column).Whenever a triangle/tetrahedron is formed, it is included in the solid as a
face/volume element (illustrated in the right column).3.1. A barcode representation of the structure
The resultswith respect to the change in the number of components,
holes and voids throughout the previously described building process
can be summarized in a single diagram in the following way:
• each instance of component, hole and void will be represented by a
bar
• the position and length of a bar represents the “lifetime” of the corre-
sponding component/hole/void
• the start point of the bar will correspond to the value of the radius at
which the instance came into existence
• the end point of the bar will correspond to the value of the radius at
which the instance ceased to exist.
The bars, in fact, are graphical representations of the intervals of the
radii over which certain topological features (components, holes, voids)
persist and they are called persistence intervals. The set of these bars
characterizes how the topology of the object changes as we coarsen
the representation of the structure and it can be viewed as a barcode
of the topology on different scales. This representation was developed
by Carlsson and his collaborators and a very good review of their work
can be found in [18]. An example for such a barcode for a particular
set of points can be seen in Fig. 2.
Note that for a given object we will have three different barcodes:
one for components, one for holes and one for voids. In a mathematical
terminology they are often referred to as dimension 0, dimension 1 and
dimension 2 intervals, respectively.
To have a more physical understanding of the concept of compo-
nents, holes and voids, imagine a regular rubber ball. The ball obviously
has a single component and a void (usually ﬁlled with air) enclosed by
the shell. If we poke a hole on the shell of the ball, we practically destroy
what we in the context of this paper would call a void, as through the
hole the air can escape. Now, in theory at least, we can grab the shell
from the sides of the hole and stretch the rubber ball to a ﬂat surface.
In amathematical language,we say that the ball with the hole is homeo-
morphic to a plane. Therefore, a single hole on a closed surface is in factradius
Fig. 2. Barcodes for a particular set of points in 2D. The horizontal axis represents the radi-
us of the growing spheres. The green bars correspond to components while the purple
ones correspond to holes. Persisting “features” are arranged on the vertical axis in an arbi-
trary order. On the top of the ﬁgure the procedure of connecting points is illustrated for a
few values of the radius. Here, shaded faces signal formed triangles. Each triangle has a dif-
ferent color. Note how ﬁrst each point constitutes a component, then as the radius in-
creases the points start to connect to each other, thus the number of separate
components decreases. Also note that the ﬁrst hole forms at a radius value of around 2.4
while at a radius of 4.3 everything is connected, every hole is ﬁlled.
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holes results in an object homeomorphic with a plane with a “real”
(topological) hole on it. Note that all the so far created objects had
just a single component. In order to have two components we
would need to cut the ball into two separated parts.
The bars/intervals for connected components (green lines in Fig. 2)
are somewhat special as connected components unite as the radius
increases. This process can be viewed as one of the connected com-
ponents embeds the other one. Accordingly, the bar of the embedded
component will end at the point where the component was embed-
dedwhile the bar of the embedder component will continue until the
latter will be embedded in another component. The role of embed-
ded and embedder is arbitrary. It is easy to see that one of the bars
for connected components will persist even at the highest values of
the radius as there will always be at least one connected component,
thus this bar can be neglected as it does not carry any information.
For this reason, this bar may even be removed from the barcode.
Note that we are looking at the way the topology changes as we
coarsen the representation of the structure we are investigating. By
this we in fact implicitly consider geometric information without
having to perform the expensive calculation of the best alignments.
To understand how geometry is encoded in the barcodes let us re-
turn to the example with the ball. As already pointed out, this ball
has a single connected component (its shell), no holes (otherwise
the air would escape) and a single void inside the shell. Thus, there
would be a single bar of a length corresponding to the diameter of
the ball in the barcode representing voids. It is clear that if we change
the geometry of the ball by ﬂattening it for instance, we immediately
would see the result of the change in geometry by the shrinkage of
the bar representing the void inside the ball.
3.2. Similarity based on the barcodes
At this point we are able to calculate a barcode-representation of
certain important topological features for a given structure. As we ar-
gued above, these barcodes also encode geometry. It is natural then to
assess the similarity of two structures whichmay be of high complexity
through comparing their barcodes, the latter being rather simple math-
ematical representation of the structures.
Since a barcode is in fact a set of bars, the ﬁrst thing that comes to
mind is the so-called Hausdorff distance [19] of the bar-sets. Al-
though this approach would already provide an insight regarding
similarity [7], the Hausdorff distance is a distance and not a similarity
measure. It indicates the dissimilarity between two sets and its mag-
nitude depends on the magnitude of the set-elements, that is, it is
impossible to decide from the value of the Hausdorff distance of
two sets whether the two sets are similar or not. We always have
to provide a frame of reference. Although interpreting values of sim-
ilarity measures deﬁned on the interval [0,1] is not straightforward
either, at least we know that values closer to one indicate high sim-
ilarity, while values closer to zero mean reduced similarity.
Another classical way to compare sets is calculating their Jaccard
or Tanimoto index (or measure) [14]. The Jaccard index is in fact the
count of the elements present in both sets divided by the total num-
ber of elements, that is,
SJ M;Nð Þ ¼
M∩Nj j
M∪Nj j ; ð2Þ
for any nonempty M and N sets. Unfortunately, in the case of the sets
of the bars (the barcodes) it is not straightforward to apply the
Jaccard similarity index since, for example, the coordinates are real
valued numbers and bar-lengths may differ already because of ex-
perimental errors, thus deciding whether two bars from two differ-
ent barcodes are equivalent or not is not a simple task. Also, we
may consider two circles/rings similar even if their radius differs(different radius would mean different bar lengths). However, it is
possible to deﬁne a measure based on the Jaccard index in the fol-
lowing way:
• we can calculate the Jaccard measure for every pair of intervals from
two different barcodes
• for each bar from one barcode there exists a bar from the other
barcode for which the Jaccard index is the highest
• we deﬁne our similarity measure as the average of these highest
Jaccard measures.
Within a more mathematical framework, we can deﬁne this
barcode-overlap similarity measure as
SBO A;Bð Þ ¼
1
Aj þ jBj j
X
a∈A
supb∈B
a∩b
a∪b þ
X
b∈B
supa∈A
a∩b
a∪b
" #
; ð3Þ
where A and B denote two different barcodes while a and b denote
different bars from barcodes A and B, respectively. Fig. 3 attempts
to illustrate the calculation of this similarity. For the deﬁnition
given in Eq. (3) it is possible to show that SBO is a similarity measure
in the mathematical sense (see proof in Appendix A).
Sincewemay encounter the casewhen there are noholes or voids in
our structure, we need to extend the deﬁnition of our similarity mea-
sure so that we can handle these exceptions. This can be achieved by
recognizing that an empty set is completely similar to another empty
set. Therefore, we assign a value of 1 as the similarity between two
empty barcodes. Also, note that the case when there are no bars in the
barcode is quite different from the case when there are bars. Therefore,
we assign a 0 similarity for this case. Compressing these in amathemat-
ical formula, we get the following:
SBOE A;Bð Þ ¼
SBO A;Bð Þ A≠∅ and B≠∅
1 A ¼∅ and B ¼∅
0 A ¼∅ and B≠∅Þ or ðA≠∅ and B ¼∅ð Þ:
8<
:
ð4Þ
Based on this deﬁnition, it is also possible to show that SBOE is a prop-
er similarity measure (see proof in Appendix B). The pseudocode de-
scribing the calculation of the SBOE similarity measure is given in
Algorithm 1.
The next question we are facing is how to unify the three similarity
values we get from comparing the barcodes of connected components,
holes and voids. Unfortunately, there is no unique way to do this.
For example, we could take the average of the three numbers but
we could also take the normalized Euclidean sum of the three, that
is, summing the square of the three numbers, divide the outcome
by three and then take the square root of the result. In fact, we
could construct any method of unifying the values keeping in mind
a single constraint: the method should not change the ordering of
classiﬁcation, that is, if a pair of objects is more similar in all the dif-
ferent barcodes then another pair of objects, the resultant uniﬁed
similarity should be higher for the ﬁrst pair. Mathematically speak-
ing, we could apply any monotonically increasing function f which
for any combination of input arguments from the range between
zero and one would yield a result constrained to the same range,
that is,
f : 0;1½ 3→ 0;1½ 
f x1; x2; x3ð Þ≤ f y1; y2; y3ð Þ;∀xi≤yi; xj ¼ yj; i≠ j:
Important to note is that we must be consistent in our choice. It is
not possible to compare two similarity values produced by two different
forms of f. Itmakes even less sense to directly compare numerical values
of geometric similarity to the values produced by SBOE or any function of
the latter.
AB
C
Fig. 3. In this ﬁgurewe illustrate the calculation of the proposed similaritymeasure. Panel A presents two barcodes from twodifferentmolecules. Panel B illustrates the process of selecting
for eachbar from theﬁrst barcode fromPanel A, those bars from the secondbarcode fromPanel A forwhich the Jaccard index is the highest. Panel C illustrates this process for eachbar from
the secondbarcode. Overlaps are illustrated in red in the rightmost plots of Panels B and C. The (approximate) Jaccard indexes are also printednext to the illustrated overlaps. Our similarity
measure is, in fact, the average of these indexes, which, in the presented case, would give a similarity of 0.8091.
Fig. 4. Different conﬁgurations of two zinc ﬁnger proteins connected by a ﬂexible linker
protein. We use these conﬁgurations to validate our similarity measure (see Table 1) for
the comparison.
1184 G. Máté et al. / Biochimica et Biophysica Acta 1838 (2014) 1180–1190For the sake of simplicity, we will deﬁne f as an average over the
three arguments, that is:
f x1; x2; x3ð Þ ¼
x1 þ x2 þ x3
3
; ð5Þ
and thus, we deﬁne the uniﬁed similarity measure as
S OA;OBð Þ ¼
SBOE Acc;Bccð Þ þ SBOE Ahl;Bhlð Þ þ SBOE Avd;Bvdð Þ
3
; ð6Þ
whereOA and OB denote two different objects/structures, ACC and Bcc are
the barcodes corresponding to connected components of the structures
OA and OB, Ahl and Bhl are the barcodes for holes of the structures OA and
OB, Avd and Bvd are the barcodes representing voids of the structures OA
and OB, respectively.
3.3. Validation of the method
As a validation of themethod, herewe calculate the SBOEmeasures of
the barcodes and the geometric similarity for four conformations of two
zinc ﬁnger domains connected by ﬂexible linker proteins, extracted
from different conﬁgurations of CCCTC-binding factor (11-zinc ﬁnger
protein) as presented in Fig. 4. Best overlaps among the conﬁgurations
are illustrated in Fig. 5. We summarize the results of the comparison
in Table 1.The ﬁrst observation in these comparisons is that conﬁgurations A
and B have the smallest geometric resemblance. Comparing A against
C yields a slightly larger geometric similarity, while this comparison
gives a large value for the SBOE similarity. Conﬁgurations B and C show
Fig. 5. Best alignments of the pairs of conﬁgurations from Fig. 4. For the values of the similarity measures for these pairs see Table 1.
4
5
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8
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)
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cates a slightly reduced similarity compared to the A–C case.
Note that the C and D conﬁgurations are almost identical, they in-
deed have a very high geometric similarity, showing an increase of 0.3
compared to the A–C case, while the SBOE similarity barely changes,
ranking both pairs as very similar. Also note that comparing conﬁgura-
tion B against any of the others consistently yields relatively reduced
(but still high) SBOE similarity, probably because of the particular fea-
tures in the fold, while the geometric similarity of B to the other conﬁg-
urations is comparable to the values of similarity we get when
comparing conﬁguration A to the others, although A and B have the
most reduced geometric similarity.
We remark that the SBOE similarity of a value of around 0.6 conﬁgu-
ration B shows when compared to the other conﬁgurations is consid-
ered relatively high as, comparing any of these conﬁgurations against
a completely random conﬁguration of comparable size returns a value
averaging around 0.3 both for the SBOE and the geometric similarity.
4. An Application
As a ﬁrst application, we chose to compare the structures found in
the Database of Useful (Docking) Decoys: Enhanced (DUD-E) database
[8]. This database contains active ligands known to bind to given
target-molecules and decoys which have geometries similar to those
of the ligands, but they are chemically different. Decoys were selected
from a vast amount of candidates and included in DUD-E based on
two criteria. First, moleculeswere selected so that they have a high geo-
metric similarity to one of the ligands, second, only those molecules
were included in the database which were found to be inactive (mole-
cules which do not bind to the target proteins— thus the name decoy).
We selected ligands grouped around ﬁfteen target proteins (AA2AR,
ABL1, ACE, ADA, ADRB1, AKT1, ALDR, ANDR, AOFB, BRAF, CAH2, COMT,
CP2C9, DEF, HIVPR). Each of the ligands is known to bind at least to one
of the targets. In this experiment we compare the ligands against the
decoys from the same groups.
Although DUD-E was designed as a docking database, we use it for
testing purposes. Since chemical differences must show up in the topol-
ogy of themolecules, decoys and actives must present such differences.
Therefore, it is a perfect sandbox for testing our similarity measure and
to demonstrate that our measure picks up geometric similarity but it is
not equivalent with it.Table 1
Table presenting results for the geometric similarity and the introduced SBOE similarity
measure among the conﬁgurations of the zinc ﬁnger proteins presented in Fig. 4.
Tests Geometric similarity SBOE
Conﬁg. A vs conﬁg. B 0.532 0.63853
Conﬁg. A vs conﬁg. C 0.641 0.97505
Conﬁg. A vs conﬁg. D 0.602 0.97791
Conﬁg. B vs conﬁg. C 0.669 0.63293
Conﬁg. B vs conﬁg. D 0.667 0.63615
Conﬁg. C vs conﬁg. D 0.955 0.98984The calculations have two stages. First, there is a preprocessing step
in which the barcodes are calculated. For this we used the Perseus soft-
ware [20]. The calculated barcodes can be stored and there is no need to
recalculate them at every comparison. A barcode, on average, can be cal-
culated in roughly 12 s on a computer with a processor having a clock
rate of 3.2 GHz. After barcodes for the present dataset of ﬁfteen proteins
were constructed, the similarities were calculated with a MATLAB
script. Using thementioned hardware, the runtime of the similarity cal-
culations was 2684.2 s. Thus a comparison is performed in 0.0020629 s
which roughly corresponds to 484 comparisons per second.
By looking at the distribution of the values of the geometric similar-
ity (Fig. 6), we see that the values are centered around a well-deﬁned
mean value. It is possible to show, that these values actually follow a
Gaussian distribution with a mean value of around 0.6.
Looking now at the distribution of the values of the SBOE similarity il-
lustrated in Fig. 7, we see that instead of having a single peak, a second
peak may appear, which is caused by the uniﬁcation of the different
similarity values extracted from the barcodes of connected components,
holes and voids as these different features may emphasize different as-
pects of the similarity. Ifwe concentrate on the large peaks,we could say
that the mean values are roughly around 0.75.
In Fig. 8, we present the values of the geometric similarity versus the
values of the SBOE index. Pairs for which the values are presented were
selected so that the geometric similarity is among the largest values,
roughly ranging from 0.8 to 0.95, well beyond the 0.55 average value.
Note that almost all the corresponding SBOE similarity values are also
above their 0.75 average, most within the range between 0.75 and
0.92, that is, high geometric similarity implies high SBOE values. Fig. 9,
on the other hand, is prepared so that the values of the SBOE similarity
index are among the highest ones. Note that though the average of0 0.2 0.4 0.6 0.8 1
0
1
2
3
Geometric Similarity (sG)
Fig. 6. Distribution of all the geometric similarity values among all the decoys and ligands
from the 15 target proteins. Colors correspond to the different target proteins.
Fig. 7.Distribution of all the SBOE values among all the decoys and ligands from the 15 tar-
get proteins. Colors correspond to the different target proteins.
Fig. 9. Geometric similarity versus SBOE for pairs of decoys and ligands. The pairs were se-
lected so that their SBOE similarity is among the largest values. Colors stand for the different
target proteins.
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age, its values do not present such restriction as the values of the SBOE
similarity did in the previous case. This experiment clearly shows, that
restricting geometric similarity to high values also restricts the SBOE sim-
ilarity index to higher values, while this is less true the other way
around. This clearly indicates that the SBOEmeasuresmore than the sim-
ple geometric similarity. In fact, it measures the similarity of the topo-
logical features on given geometric scales.
The same effect is also noticeable when looking at the ligands and
the decoys themselves. In Fig. 10 we plotted pairs of ligands and decoys
with the highest geometric similarity, while in Fig. 11 we show pairs of
ligands and decoys for which both the geometric and SBOE similarities
rank high. As it can be seen, pairs geometrically resemble each other
even when comparing them between the two ﬁgures. In Fig. 12, on
the other hand, we show pairs with the highest SBOE similarities. As it
can be seen, these conﬁgurations are very different from the conﬁgura-
tions seen in Figs. 10 and 11.5. Discussion and conclusions
In this paper we introduced a novel similarity measure based on
well-established computational topology algorithms. The measure was
designed for assessing the similarity of different chemical structures but
it may also be applicable in other ﬁelds. We proved that our deﬁnitionFig. 8. Geometric similarity index versus SBOE for pairs of decoys and ligands. The pairs
were selected so that their geometric similarity is among the largest values. Colors stand
for the different target proteins.is rigorous and it satisﬁes the mathematical requirements which are
often neglected when new similarity measures are introduced.
Although the meaning of similarity is not clear-cut, being consistent
in our choice is probably the most important principle to follow. It was
easy to understand already based on our arguments that geometric sim-
ilarity is not reliable and in certain cases it may fail. If we require consis-
tency, mixing the values yielded by a given geometric similarity with
other type of similarity measures is not viable. Therefore, we must con-
struct similaritymeasureswhich, on the onehand, are propermeasures,
and, on the other hand, consider geometry, topology and other impor-
tant factors at the same time. We believe that our method may be a
good starting point for such an approach as we observed a logical path
while welding geometry and topology and it is straightforwardly appli-
cable when one is strictly interested in conformational similarities.
It is also important to form a good idea about themeaning of similar-
ity. This is straightforwardwhen it comes to geometry but it may not be
so simple when one considers other features. As for our method, we
would like to emphasize again, that our aimwas to elaborate a measure
which considers similarity beyond geometric resemblance, looks at the
number of rings and other topological features, takes into account all
the scales, but it is not scale invariant, while sticking to a rigorous
mathematical background. Of course, the method is easily extendable.
One of the ﬁrst extensions one may want to implement is to input
chemical information. This can be done, for instance, by introducing
an extra “chemical-dimension” in the calculations.
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Appendix AA.1. Deﬁnitions
Let A, B and C be three nonempty sets:
A ¼ aja ¼ as; ae½ ; as; ae∈Rþ; as≤ae
  ðA:1Þ
AA2AR ABLI ACE ADA HIVPR
decoy
active
Fig. 10. Decoys and actives with the highest geometric similarity values.
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  ðA:2Þ
C ¼ bjc ¼ cs; ce½ ; cs; ce∈Rþ; cs≤ce
 
; ðA:3Þ
where [x,y] denotes a closed interval with limits x and y.
Let SBO(A,B) be a mapping deﬁned as:
SBO A;Bð Þ ¼
1
Aj þ jBj j
X
a∈A
sup
b∈B
a∩bj j
a∪bj j þ
X
b∈B
sup
a∈A
a∩bj j
a∪bj j
" #
: ðA:4Þ
A.2. Aim
We intend to prove that SBO is a proper similarity measure.
According to [21] SBO is a similarity relation if it satisﬁes the following
conditions:
0≤SBO A;Bð Þ≤1 ðA:C5Þ
A ¼ B⇒SBO A;Bð Þ ¼ 1 ðA:C6Þ
SBO A;Bð Þ ¼ SBO B;Að Þ ðA:C7Þ
ApBpC⇒SBO A;Cð Þ≤SBO A;Bð Þ ðA:C8Þ
ApBpC⇒SBO A;Cð Þ≤SBO B;Cð Þ: ðA:C9Þ
A.3. Proofs
Since for any a ∈ A and b ∈ B |a ∩ b|/|a ∪ b| is between 0 and 1 for
any A and B, SBO(A,B) will also be bounded by 0 and 1, thus Eq. (A.C5) is
true.AA2AR ABL1
decoy
active
Fig. 11. Pairs of decoys and ligands with high geomFor A = B sup a inA|a ∩ b|/|a ∪ b| = 1 for any b ∈ B and also
sup b inB|a ∩ b|/|a ∪ b| = 1 for any a ∈ A. Therefore, SBO(A,B) = (|A| +
|B|)/(|A| + |B| = 1), that is Eq. (A.C6) is true.
Condition (A.C7) is true by deﬁnition.
A.3.1. Condition (A.C8)
Proving A p B p C⇒ SBO(A,C) ≤ SBO(A,B).
Because of the relation A ⊆ B ⊆ C, the deﬁnition (A.4) for SBO(A,B)
and SBO(A,C) can be rewritten in the following forms:
SBO A;Bð Þ ¼
1
Aj þ jBj j
X
a∈A
sup
b∈B
a∩bj j
a∪bj j þ
X
b∈B
sup
a∈A
a∩bj j
a∪bj j
" #
¼ 1
Aj þ jBj j jAj þ
X
b∈A
sup
a∈A
a∩bj j
a∪bj j þ
X
b∈B∖A
sup
a∈A
a∩bj j
a∪bj j
" #
¼ 1
Aj þ jBj j 2jAj þ
X
b∈B∖A
sup
a∈A
a∩bj j
a∪bj j
" #
;
that is,
SBO A;Bð Þ ¼
1
Aj þ jBj j 2jAj þ
X
b∈B∖A
sup
a∈A
a∩bj j
a∪bj j
" #
; ðA:10Þ
similarly,
SBO A;Cð Þ ¼
1
Aj þ jCj j 2jAj þ
X
c∈C∖A
sup
a∈A
a∩cj j
a∪cj j
" #
: ðA:11ÞACE ADA HIVPR
etric similarity and high SBOE similarity values.
AA2AR ABL1 ACE ADA HIVPR
decoy
active
Fig. 12. Decoys and actives with the highest SBOE similarity values.
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SBO A;Cð Þ ¼
1
Aj þ jCj j 2jAj þ
X
c∈B∖A
sup
a∈A
a∩cj j
a∪cj j þ
X
c∈C∖B
sup
a∈A
a∩cj j
a∪cj j
" #
: ðA:12Þ
Denoting
X
b∈B∖A
sup
a∈A
a∩bj j
a∪bj j ¼: x; ðA:13Þ
we ﬁnally have
SBO A;Bð Þ ¼
1
Aj þ jBj j 2jAj þ x½ ; ðA:14Þ
and
SBO A;Cð Þ ¼
1
Aj þ jCj j 2jAj þ xþ
X
c∈C∖B
sup
a∈A
a∩cj j
a∪cj j
" #
: ðA:15Þ
Then we can proceed as follows:
SBO A;Cð Þ≤SBO A;Bð Þ⇔ ðA:16Þ
1
Aj þ jCj j 2jAj þ xþ
X
c∈C∖B
sup
a∈A
a∩cj j
a∪cj j
" #
≤ ðA:17Þ
1
Aj þ jBj j 2jAj þ x½ : ðA:18Þ
But since
X
c∈C∖B
sup
a∈A
a∩cj j
a∪cj j ≤ jCj−jBj; ðA:19Þ
proving that
1
Aj þ jCj j 2jAj þ xþ Cj j−jBjð Þ≤
1
Aj þ jBj j 2jAj þ xð Þ ðA:20Þ
is a stronger condition. From Eq. (A.20) we can proceed in the following
way:
2jAj þ xþ jCj−jBj
Aj þ jCj j ≤
2jAj þ jBj−jBj þ x
Aj þ jBj j ⇔ ðA:21Þ
1þ Aj þ x−jBj j
Aj þ jCj j ≤1þ
jAj−jBj þ x
Aj þ jBj j ⇔ ðA:22ÞjAj−jBj þ x
Aj þ jCj j ≤
jAj−jBj þ x
Aj þ jBj j : ðA:23Þ
Inequality Eq. (A.23) is obviously true since |A| + |C| ≥ |A| + |B| as
A ⊆ B ⊆ C. Thus Eq. (A.C8) is proved.
Appendix A.3.2. Condition (A.C9)
Here we prove that A ⊆ B ⊆ C⇒ SBO(A,C) ≤ SBO(B,C).
The formula for SBO(B,C) can be rewritten similarly to Eq. (A.11) form
of SBO(A,C), that is,
SBO B;Cð Þ ¼
1
Bj þ jCj j 2jBj þ
X
c∈C∖B
sup
b∈B
b∩cj j
b∪cj j
" #
: ðA:24Þ
Let
y :¼
X
c∈C∖B
sup
b∈B
b∩cj j
b∪cj j : ðA:25Þ
Therefore, Eq. (A.24) simpliﬁes to
SBO B;Cð Þ ¼
1
Bj þ jCj j 2jBj þ yð Þ: ðA:26Þ
Then, the statement we want to prove is
1
Aj þ jCj j 2jAj þ xþ
X
c∈C∖B
sup
a∈A
a∩cj j
a∪cj j
" #
≤ 1
Bj þ jCj j 2jBj þ yð Þ: ðA:27Þ
Note that since A ⊆ B the following inequality holds:
X
c∈C∖B
sup
a∈A
a∩cj j
a∪cj j ≤
X
c∈C∖B
sup
a∈B
a∩cj j
a∪cj j ; ðA:28Þ
that is,
X
c∈C∖B
sup
a∈A
a∩cj j
a∪cj j ≤y: ðA:29Þ
Therefore, if we can show that
1
Aj þ jCj j 2jAj þ xþ yð Þ≤
1
Bj þ jCj j 2jBj þ yð Þ ðA:30Þ
is true, then relation (A.27) will also hold.
From Eq. (A.13) we see that x ≤ |B| − |A| and from Eq. (A.25) it re-
sults that y ≤ |C| − |B|. Since |A| + |C| ≤ |B| + |C|, one being the de-
nominator on the left hand side of Eq. (A.30) the other being the
denominator on the right hand side of the same equation, replacing y
1189G. Máté et al. / Biochimica et Biophysica Acta 1838 (2014) 1180–1190on both sides of the equation with |C| − |B|, will have a larger contribu-
tion on the left hand side. Therefore, if the resulting inequality still
holds, it means that Eq. (A.30) also holds and therefore Eq. (A.27)
holds, too.
By carrying out the substitution we get the following:
2jAj þ jCj−jBj þ x
Aj þ jCj j ≤
2jBj þ jCj−jBj
Bj þ jCj j ⇔ ðA:31Þ
jAj þ jCj þ jAj−jBj þ x
Aj þ jCj j ≤
Bj þ jCj j
Bj þ jCj j⇔ ðA:32Þ
1þ jAj−jBj þ x
Aj þ jCj j ≤1⇔ ðA:33Þ
jAj−jBj þ x
Aj þ jCj j ≤0: ðA:34Þ
Since |A| + |C| N 0, Eq. (A.34) is equivalent with |A| − |B| + x ≤ 0.
But from Eq. (A.13) we already saw that x ≤ |B| − |A|, therefore, our
last statement is true which means that Eq. (A.27) is true, that is,
Eq. (A.C9) is true.
By this we proved that S is a proper similarity measure.
Appendix B
B.1. Deﬁnitions
As the Jaccard index is not deﬁned for empty sets, here we extend
the proof presented in Appendix A to the case which allows comparing
empty sets. Since the empty set is similar to itself, we deﬁne the similar-
ity of two empty sets as total similarity, taking the value of 1. Further-
more, since the empty set is totally different from any non-empty set,
we assign the value of 0 to the similarity between the empty set and
any nonempty set. In mathematical terms, this means that we need to
prove that the measure deﬁned as
SBOE A;Bð Þ ¼
SBO A;Bð Þ A≠∅ and B≠∅
1 A ¼∅ and B ¼ ∅
0 A ¼∅ and B≠∅Þ or A≠∅ and B ¼∅ð Þð
8<
:
ðB:1Þ
is a similarity measure.
B.2. Proof
The proofs for the conditions (A.C5), (A.C6) and (A.C7) are relatively
simple:
• Since SBO ∈ [0,1], SBOE is also constrained to the interval [0,1], there-
fore, Eq. (A.C5) is true.
• If A = B, this means that both are either empty or not. If both are
empty, then according to Eq. (B.1) deﬁnition SBOE(∅, ∅) = 1. If
they are not empty then SBOE(A,B) = SBO(A,B). But we already saw
that if A = B then SBO(A,B) = 1. Therefore, Eq. (A.C6) is true.
• SBOE is symmetric by deﬁnition, that is Eq. (A.C7) is true.
B.2.1. Proving Eqs. (A.C8) and (A.C9)
In order to show that Eqs. (A.C8) and (A.C9) both hold, we need to
consider four different cases of the condition A ⊆ B ⊆ C:
A≠∅; B≠∅; C≠∅ ðB:C2Þ
A ¼∅; B≠∅; C≠∅ ðB:C3ÞA ¼∅; B ¼∅; C≠∅ ðB:C4Þ
A ¼∅; B ¼∅; C ¼∅: ðB:C5Þ
We now go through these different cases.
• in case Eq. (B.C2) is obviously the case when SBOE ≡ SBO, therefore,
both Eqs. (A.C8) and (A.C9) hold in this case.
• in case Eq. (B.C3) SBOE(A,B) = 0, SBOE(A,C) = 0, SBOE(B,C) = SBO(B,
C) ∈ [0,1]. Therefore, condition (A.C8) is equivalent with 0 ≤ 0,
while condition (A.C9) can be written as 0 ≤ SBO(B,C). It is evident
that both of these afﬁrmations hold, therefore, both conditions are sat-
isﬁed.
• in case Eq. (B.C5) SBOE(A,B) = 1, SBOE(A,C) = 0, SBOE(B,C) = 0. There-
fore, condition (A.C8) is equivalentwith 0 ≤ 1,while condition (A.C9)
can bewritten as 0 ≤ 0. These afﬁrmations again hold, therefore, both
conditions are satisﬁed.
• in case Eq. (B.C5) SBOE(A,B) = 1, SBOE(A,C) = 1, SBOE(B,C) = 1. There-
fore, condition (A.C8) is equivalentwith 1 ≤ 1,while condition (A.C9)
can bewritten as 1 ≤ 1. Since these are all true, the original conditions
are again satisﬁed.
Based on the previous points, we see that if SBO is a proper similarity,
then SBOE is also a similarity measure.Algorithm 1. Calculating the SBOE similarity
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